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Abstract In this paper, a class of functions called B-arcwise connected (BCN) and strictly
B-arcwise connected (STBCN) functions are introduced by relaxing definitions of arcwise
connected function (CN) and B-vex function. The differential properties of B-arcwise con-
nected function (BCN) are studied. Their two extreme properties are proved. The necessary
and sufficient optimality conditions are obtained for the nondifferentiable nonlinear semi-
infinite programming involving B-arcwise connected (BCN) and strictly B-arcwise connected
(STBCN) functions. Mond-Weir type duality results have also been established.
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1 Introduction

Avriel and Zang [2] extended the concept of convex function by defining arcwise connected
(CN), Q-connected (QCN), strongly Q-connected (SQCN), and P-connected (PCN) func-
tions. Bector and Singh [3] also extended the concept of convex function by defining B-vex
function. Mehra and Bhatia [16] studied optimality conditions and duality results for minmax
problems involving arcwise connected and generalized arcwise connected functions. Bhatia
and Mehra [4] investigated some properties of arcwise connected functions in terms of their
derivatives. The necessary and sufficient optimality conditions are presented, and Mond-Weir
type duality results are also proved. Davar and Mehra [7] obtained optimality conditions and
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duality results for fractional programming problems involving arcwise connected functions
and their generalizations.

Recently, many scholars have been making deeper research for semi-infinite program-
ming (SIP). Many good results have obtained especially in semi-infinite linear programming
(LSIP) and semi-infinite convex programming (convex SIP) [9,17,18]. For instance, the
duality and dual gaps for LSIP were studied by Charnes et al. [6], Goberna and Lopez [8],
Liu [14], and Karney [11], respectively. Lopez and Vercher [15] presented optimality condi-
tions for nondifferentiable convex SIP. Borwein [5] has proven a semi-infinite quasi-convex
program with certain regularity conditions possessing finite constrained subprogram with the
same optimal value. Riickmann and Shapiro [19] have given first-order Optimality condi-
tions in generalized SIP. The duality for convex SIP is investigated by Jeroslow [10], Karney
and Morley [12] and Li [13], respectively. The optimality conditions and duality results are
obtained and established by Zhang [21] for arcwise connected semi-infinite programming
problems.

The paper mainly includes two aspects. One is to extend arcwise connected (CN) and
B-vex functions. The other is to give optimality conditions and obtain duality results for
semi-infinite programming with the new generalized convex functions presenting in the
first aspect. This paper is organized as follows. Section?2 introduces B-arcwise connected
(BCN) and strictly B-arcwise connected (BSTCN) functions, and presents some properties. In
Sect. 3, we give some optimality conditions for semi-infinite programming problem involving
B-arcwise connected (BCN) and strictly B-arcwise connected (BSTCN) functions. In Sect. 4,
the Mond-Weir type duality results are obtained for the nonlinear semi-infinite programming
problem involving these generalized convex functions. In Sect.5, conclusions and outlook
are given.

2 B-arcwise connected functions

In this section, we shall focus our attention on certain extensions of known families of
generalized convex functions. Let C be a nonempty open subset of R”, let b(x,y,0) :
CxCx[0,1] —Ry,0<6<1,0<6b(x,y,0)=<1.

Definition 2.1 [1,2] A set C C R” is said to be an arcwise connected (AC) set if, for every

x! € C,x% € C, there exists a continuous vector-valued function H, . :[0,1] — C,

called an arc, such that
Ha 2(0)=x", Hua (1) =x
Definition 2.2 [2] Let f be a real-valued function defined on an AC set C C R”. Then

(i) f is said to be an arcwise connected function (CN) if, for every xl e C,x? e C, there
exists an arc H, 2 such that

f(Ha 20) <=0 f&+0f(x?), for0<6<1.

1

(ii) f is said to be a strictly arcwise connected function (STCN) if, for every x* € C, x2e

C, x! * x2, there exists an arc H,1 2 such that

F(H20) < (1—0)f(x")+6f(x?), for0<6<1.
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Definition 2.3 [3] Let f be a real-valued function defined on a convex set C C R”. Then

(i) f is said to be an B-vex function if, for every x! € C,x% € C, there exists a real
function b(x!, x2, 6) such that
FOx" 4+ (1 —0)x%) <0b(x', x*,0)f(x")
+ (1 —0b(x", x%,0)) f(x?), for0<H<1,0<6b<1.

(ii) f is said to be a strictly B-vex function if, for every xlecC, x?ec, x! #= x2, there
exists a real function b(x!, x2, #) such that

FOx"+ (1 —0)x2) <0b(x',x%,0) F(x") + (1 —0b(x', x%,0)) fF(x?), for 0<6<1.

f is said to be a concave CN (COCN) and concave STCN (COSTCN) function, respec-
tively, if — f is a CN and STCN function, respectively. f is said to be a B-cave and strictly
B-cave function, respectively, if — f is a B-vex and strictly B-vex function, respectively.

We introduce the following concepts of B-arcwise connected (BCN) and strictly B-arc-
wise connected functions (STBCN) based no the definitions of arcwise connected (CN) and
B-vex functions.

Definition 2.4 Let f be a real-valued function defined on an AC set C C R”. Then

(i) f is said to be a B-arcwise connected function (BCN) if, for every x'eC,
x2 € C, there exist an arc Hyi 2 and a real function b(xl, x2, 6) such that

f(Ha 2(0)) < (1 —0b(x",2%,0) f(x))
+0b(x', x%,0)f(x?), for0<6<1,0<6b<1.
(ii) f is said to be a strictly B-arcwise connected function (STBCN) if, for every xtec,
x2eC,x! #+ x2, there exist an arc H,1 ,2 and a real function b such that
f(H,20)) < (1= 0b(x',x2,0) f(x")
+0b(x", x2,0) f(x?), for0<6 <1,0<6b<1.

f issaid to be aconcave BCN (COBCN) and concave STBCN (COSTBCN) function, respec-
tively, if — f is a BCN and STBCN function, respectively.

Definition 2.5 [2,20] Let f be a real-valued function defined on an AC set C C R". Let
x''eC,x* € Cand H,: \2 be the arc connecting x! and x? in C. The function f is said to
possess a right derivative or right differential with respect to an arc H,1 2 at@ = 0 if

- f(Hy 200) — f(x!)

li
6—0t 0

exists. This limit is denoted by f+(H. 1 x2(0)). If

Ha 2(0) —x!
6—0F 0

exists and we denote it by H™; ,(0), then vector HY, ,(0) is called directional derivative of
X,X X0,X
Hyi 2 att =0.
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The right derivative or right differential of f can be written as
[T (He 1 (0) = H OV F(x*)T,

whenever f*(H,1 ,2(0)) and H; 2(0) exist.

Definition 2.6 A real function f defined on an AC set C C R" is said to be directional
differentially B-arcwise connected (DBCN) [ directional differentially strictly B-arcwise
connected (DSTBCN)] if for every x! € C, x? € C [if forevery x' € C, x* € C, x! # x?],
there exist an arc H,1 ,2 in C and a real function b such that the following two conditions
are satisfied:

(1) f1is BCN function with respectto b and H, 1 x2s and l;(xl, x2) = limy_, o+ b(xl, x2, 0).
(ii) f possess a right derivative or right differential £+ (H, x2(0)), with respect to an arc
H 2at =0.

Remark 2.1 The sum of two BCN is not necessarily BCN, unless an extra restriction is
required that they be BCN with respect to the same arc and function b for each pair of points.

Remark 2.2 (i) Every CN function is BCN function, however, the converse is not neces-
sarily true.
(ii)) Every STCN function is STBCN function, however, the converse is not necessarily true.
(iii) Every B-vex function is BCN function, however, the converse is not necessarily true.

(iv) Every strictly B-vex function is STBCN function, however, the converse is not neces-
sarily true.

Below, we give an example.

Example 2.1 Define f as

(x1x2)%, if x1x0 < 4,

16, otherwise.

f(x):[

The level set of this function is denoted by S(f, «)(VYa € R) and level curves of the function
are shown in Fig. 1. It is clear that this function is not quasiconvex, convex, or concave. For
every x! e R?, x2 € R?, we define arc as

1
(1=20)x", if 0<6< 3

Ha 2 (0) = |
(26 — Dx?, if E5951

and functionb : C x C x [0, 1] — R as
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Fig. 1 A BCN function
1
4 — 40, ifOfoEandxllx21§4,xfx§§4
1
(20— 1)%/6, if - <6 < landx]x) <4,x3x? <4
b(x!, x2,6) = 2 '
0, ifOfoEandxlzx%>4 0rx11x21>4,x12x%>4
1
1/6, if§<9§landxfx22>4.

Then, we can prove that it is a BC N function on RZ. However, we have
f(Ha 20) >0 —0)f(x")+0f?), for & =1/4,x" =(2,8), x> =(0,0)
and
[(Hy 20) < (1=60)f(x") +6f (%), for 6 =1/4,x" =(2,0),x* = 4, 1),
therefore, f is neither a CN nor a COCN function. Again, we obtain
FOx' 4+ (1 —0)x?) > 0b(x', x%,0) f(xh)
+ (1 —0b(x", x%,0)) f(x?),for0 = 1/4,x' = (0,0), x> = (1,4)
and
FOx'+ 0 =0)x?) <ob(x',x%,0) f(xh
+ (1 —0b(x', x%,0)) f(x?), for 0 =1/4,x' =4, 1),x>=(2,1),

hence, f is neither a B—vex nor a B—cave function.
We now give the differential and extreme properties of BCN and STBCN functions. Their
other basic properties will be studied in future paper.
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Theorem 2.1 Assume that f is a real-valued DBCN function on C, then
FHHp20) < b A D) — f(xD]

for0 < 6 < 1, where b(x!, x?) = limg_, o+ b(x!, x2,0).

Proof Let f be a DBCN function, then, for every x! e C,x? e C, there exist an arc
H,i 2(0) and a real function b(x1, x2,0) such that

f(Ha 20) < (1—0b(x', x2,0) f(x") +0b(x", x*,0) f (x*)
for 0 < 6 < 1. It follows that

f(Hyi 2(0) — f(x!)

J < b X% OF) — FDI.

Let9 — 01, we have

FH(Hy 20) < b, xHIF?) — feH].

Corollary 2.1 Assume that f is a real-valued DSTBCN function on C, then
FHHp20) < b ADD) = f(xD]

for0 < 0 < 1, where b(x!, x?) = limg_, o+ b(x', x2,0).

Theorem 2.2 Assume that f is a real-valued DBCN function on AC set C C R", and let
b(x*, x) = limg_, o+ b(x*, x,60) > 0. I[fx* € C is a point where V f (x*) = 0, then x* is a
global minimum point of f on C.

Proof Let f be a DBCN, and Suppose that V f (x*) = 0, then for every x € C, arc Hyx x
and a real function b(x*, x), we have

bO*, OLf ) = f@H] = [T (He x(0) = HE OV fHT =0.
From that it follows
b(x*,x) f(x) = b(x*, x) f(x").
Since b(x*, x) > 0, thus f(x) > f(x*), then x* is a global minimum point of f on C. O

Theorem 2.3 Assume that f is a real-valued DSTBCN function on AC set C C R", and let
b(x*, x) = limg_, o+ b(x*, x,60) > 0. I[fx* € C is a point where V f (x*) = 0, then x* is a
unique global minimum point of f on C.

Proof Similarly to proof of Theorem?2.2 we can show that x* is a global minimum point of
fonC.

Now we prove uniqueness. If x¥ is other global minimum point of f on C, then f(x%) =
F(x®), x% #£ x*. Since f is STBCN, then there exist an arc H,« (0(0) and a real-valued
function b(x*, x°, ) such that
F(Hyee 0(0)) < (1 —0b(x*,x°,0)) f(x*) + 0b(x*,x°,0) f(x°) = f(x*), for 0 <6 <1,

this contradicts that x* is a global minimum of f on C. O
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3 Optimality conditions

Consider the following nonlinear semi-infinite programming problem (P):

minimize f(x)
subjectto g(x,u) <0(u € U)
x e X,

where X C R” is anonempty open AC set, U C R™ is an infinite countable set, f : X — R,
g 1 X x U — R are real-valued functions, the right derivatives of the functions f(x) and
g(x,u) (u € U) with respect to an arc H,i 2 at & = 0 exist for every xbe X, x? e Xx.
The feasible region of problem (P) is denoted by X° = {x € X|g(x,u) < 0,u € U}. Let
A={ilglx,u’) <0,x € X,u' e U}and A = {A = (A))iea | only finitely many A; # 0}.
We define U (x*) := {ul|g(x*, u’) = 0,u’ € U}, the set of u for which our constrait is
active. Let I (x*) := {i|g(x*, u’) = 0} = {i|u’ € U} and J (x*) := {i|g(x*, u’) < 0}.

Below, we study optimality of problem (P). The theorems of the optimality for problem
(P) are given and proven as follows:

Lemma 3.1 Ler g(x,u’)(i = 1,2,...) be a real-valued BCN function with respect to x
defined on AC set X x U C R"™. Then, exactly one of the following systems is solvable:

(i) there exists x € X such that g(x, u) <03 =1, 27 L)
(i) there exists . € A, 1 > 0 such that 3", A Aig(x,u') >0, forall x € X.

1

Proof 1If the systems (i) has a solution, then, for every x' € X, x2 € X, there exist an arc

H,: 2 and a real function b such that
g(He 2(0),u") < (1= 0b(x', x*, 0)g(x", u') +0b(x', x>, 0)g(x*, u') <0 (3.1)
for0 < 6b < 1, hence H,:1 ,2(0) € X. Forany A € A, A > 0 and by (3.1), we obtain

> hig(Hy 2(0),u') <0. (3.2)
ieA
If the systems (i) has also a solution, then there exists A € A, 1 > 0 such that > ;_,
Aig(Hyi 2(0), u') > 0 for the arc H,1 2(8) € X, this contradicting (3.2), hence (ii) has no
solution. '
Similarly, we can show that if the systems (if) has a solution, then systems (i) has no
solution. o

Theorem 3.1 (Fritz-John Type Necessary Optimality Condition) Assume that x* is an opti-
mal solution of (P). If T (Hyx (0)) and g+ (Hys x (0), w (i € I(x*)) are DBCN functions
of x, g(x, u)(i € J(x*)) is continuous at x* with AC set X. Then there exist Ay ER AT € A
such that

W5 f T (Hee 2 (0) + D AFg T (Hyw (0).u') 2 0, forall x € X, 3.3)
ieA
D gt uly =0, (3.4)
ieA
A5 =0, A*>0. (3.5
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Proof First we assert that the system

FH(Hex(0) <0, (3.6)
g (Hesx(0),u') <0, i€A 3.7)
has no solution x in X.

If possible let_ x € X be a solution of system (3.6) and (3.7). Since right differentials of
f(x)and g(x, u')(i € I(x*)) at x* exist with respect to the Hy, ., therefore

S(Hee x(0)) = f(*) 4 0T (Her 1 (0) + 0 (6) (3.8)
and
g(Hyr x(0), u') = g(x*, u') + 0g™* (Hy 1 (0), u') + 0 (0), (3.9)
where
01230{(9) =0, 012101+ a;(0) =0, ielkx. (3.10)

Using (3.6), (3.7) and (3.10), we obtain, for small enough 6,0 < 6 < <1
S (Hye £ (0) + a(6) <0, (3.11)
g (Hyr x(0), ') 4 00 (0) < 0, € 1(x*). (3.12)
Hence, by relations (3.8) and (3.9), we have, for 0 < 6 < 0
J(Hy x(0)) < f(x™) (3.13)
and
g(Hy (), u') < g(x*, u'),i € I(x*). (3.14)

Now, since g(Hy x(0), u)(i € J(x*)) is continuous at x* and H,+ x(0) is also a continuous
function of 6, therefore

lim g(Hyr ((0),u') = g(x*, u’) <0
0—0t

which implies that there exist 6,0 < 6 < 1(i € J(x*)), such that

]
g(Hyx x(0), u') <0, for0 <6< oF. (3.15)

Let0* = min(8, Gi*).Thus using (3.13), (3.14)and (3.15) we getfor0 < 6 < 6%, Hyx 4 (0) €
X% c X and S (Hyx x(0)) < f(x*) which is a contradiction as x* is an optimal solution of
(P). Hence, the system (3.6) and (3.7) has no solution x € X.

Since f+(Hy x(0)) and g+ (Hys x(0), u')(i € I(x*)) are BCN functions of x, therefore
by Lemma 3.1, there exist Aj € R, (A});c7(v+), A7 € R, only finitely many nonzero, such that
the following conditions hold:

WG (He )+ D Afg " (He 1 (0), u') = 0,

iel(x*)

D arele*,ul) =0,
ieA
Ay =0, AF>0,i€l(x").

Again letting A7 = 0 (i € J(x™)), then the conclusion of the theorem holds. O
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Theorem 3.2 (Fritz-John Type Necessary Optimality Condition) Assume that x* is an opti-
mal solution of (P). If f(x) and g(x, u’)(i € A) are DBCN functions of x with respect to the
same arc and function b. Then for ul € U, there exist k(’g € R, A* € A such that (3.3)—(3.5)
hold at x*.

Proof Since x* is an optimal solution of (P), hence
fx) = fx", vxeXx’cx,
then the system

f) = f(x*) <0

g(x, ui) <0

has no solution. ‘ .
We now prove F(x,u') = (f(x) — f(x™), g(x,u")) is a BCN function of x for every
u' € U. Since f(x) and g(x, u')(i € A) are DBCN functions of x with respect to the same

arc and function b for x!, x2 € X, therefore there exist an arc H,1 2(0) and a real function
b(xl, x2, 6) such that

F(Hga 20),u') = (f(Ha ,200) — f(x*), g(Hu 2(0),u"))

< (1 =0bx", x2,0) f(x") +0b(x", x%,0) fF(x?)
—f(*), (1= 0b(x', x%, 0)g(x", uh)
+0b(x", x%,0)g(x%, u'))

= ((1—0b(x', X2, 0)(f(x") = F*N+Ob(x" X2, 0)(f(x?) — f(x™),
(1 —0b(x", x2,0)g(x", u) + 0b(x', x*, 0)g(x2, u'))

=1 —0b(x" X2 0N(fxh) — Fx™), gxt,ub))
+0b(x", X%, 0)(f(x*) — f(x*), g(x?, u')).

Hence, F(x,u’) = (f(x) — f(x*), g(x,u’))(i € A) is a BCN function. By Lemma3.1,
there exist Aj € R, Aj > 0, 1" € A, A* > 0 such that

M (f) = fOF) + D Afglx,u’) =0, forall x € X. (3.16)
ieA

Taking x = x*, we get ZieAAkfg(x*, u') > 0. Since Ag > OA, A* > 0 and x* is feasible for
(P), wehave > ., Afg(x*, u') <0.Hence > ;. x Afg(x*, u') =0.

Since X is an AC set, thus Hy« () € X, for all x € X%0 <0 <1, by (3.16) and
Diea Mgx*, u') =0, we obtain

W5 (f (He 1 (0)) = F(x*)) + D27 (@(Hyr 1 (0), u') — g(x*, u')) = 0.
ieA
Dividing by 6 > 0 and then letting & — 0™, we obtain

W F T (Hee 1 (0) + D27 g  (Hyr 1(0),u') = 0, forall x € X,
ieA

i.e., the conclusion of the theorem holds true. ]
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Theorem 3.3 (Karush-Kuhn-Tucker Type Necessary Optimality Condition) Assume that x*
is an optimal solution of (P) and let f(x), g(x,u’)(i € A) be DBCN functions of x with
respect to the same arc Hyx 1 (0) and b(x*, x) = limg_,o, b(x*,x,0) > 0. If there exists
% € X% such that g(%, u') < 0, then for u' € U, there exist Ay € R AG > 0,0* € A such
that (3.3)—(3.5) hold at x*.

Proof By theorem 3.2, there exist A > 0 and A* € A such that (3.3)—~(3.5) hold.
Now, suppose that A5 = 0. Then (3.3)—(3.5) reduce to

D Mgt (He ((0),u') =0, forall x € X, (3.17)
ieA
D arele*,ut) =0, (3.18)
ieA
A > 0. (3.19)

Since g(x, u') is a DBCN function, we have

8T (Hye 5(0),u') < b(x*, D)[g(E, u') — g(x*, u)]. (3.20)
Using (3.19) and (3.20), we obtain
D argt(He 2 (0),u') < b(x*, %) D aF[g(R ul) — g(x*, uh)]. (3.21)
ieA ieA
It follows from (3.17), (3.18) and (3.21) that
b(x*, %) D Mgk, u') = 0. (3.22)
ieA

But since b(x*, X) > 0, thus (3.22) contradicts the facts that

Z)L;kg(i, u') <0 and A* > 0.
ieA

hence, A§ > 0. O

Theorem 3.4 Assume that f(x) is a DBoCN function and g(x, u)(i € 1(x*)) is a DB;CN
function at x* with respect to the same arc Hyx (0) and

bo(x*, x) = lim by(x*,x,0) >0, b;(x*, x)= lim b;(x*,x,0),0<6 <1.
0—04 0—04

If there exist Ay € R, A5 > 0, A" € A, forall x € X° and any u' € U such that (3.3)-(3.5)
hold at x*, then x* is an optimal solution of (P).

Proof If x* is not an optimal solution of (P), then there exists ¥ € X° such that

fG) < f&. (3.23)

Since f(x) is a DBoCN function, g(x,u’)(i € I(x*)) is a DB;CN function, and by
Theorem?2.1 and (3.23), there exists an arc Hy+5(0),0 < 6 < 1, for bo(x*, x) > O,
b; (x*, x) > 0, we obtain

FH(He 5(0) < bo(x*, D[ f(X) — f(xH)] <0 (3.24)
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and
g (Hy 1(0), 1) < bi(x*, ©)[g(¥, u') — g(x*, uM)], i € I(x*). (3.25)
For A > 0,A* € A,2* >0 (A =0 wheni € J(x*)), from (3.24) and (3.25), we have
M f T (Hee 2 0)) + D27 g ™ (Hee 2(0), 1) < D a7bi(x*, D)[g (%, u') — g(x*, u')],
ieA ieA
by (3.4), it follows that

Mo f T (Her £(0) + D Afg T (Hyr 5(0),u') <0,
ieA

which contradicts to (3.3). Hence x™* is an optimal solution of (P). ]

The proof of the following theorem follows on the lines of Theorem 3.4; therefore, we
state it without proof.

Theorem 3.5 Assume that f(x) is a DSTBoCN function and let g(x, u)(i € I(x*)) be a
DSTB;CN or DB;CN function at x* with respect to the same arc Hyx (6) and

bo(x*,x) = lim bo(x*, x,0) >0, b;j(x*,x)= lim b;(x*,x,0),0 <6 < 1.
0—04 0—04

If there exist Ay € R,Af > 0,A* € A, forall x € XY and any u' € U such that (3.3)~(3.5)
hold at x*, then x* is an optimal solution of (P).

Example 3.1 Let X = {(xl,xz)lx% +x22 > 1,x1 > 0,x2 > 0}. Define f : X — R,
g:XxU — Ras

3x12+2x§, l<x1<4,1<xp<4

fx) =14 100, x1 >4 orx;>4 orx;>4,x>4
5, otherwise,
x%—x%sinui, x;1>1,x>1
glx,u) = S .
1 —sinu', otherwise,

where u' € U = {u!|u! =27 + (in)/2,i =1,2,...}.
Let H,1 2 : [0, 1] —> X, defined as

Hea 20) = (1 =) x> +0GHDHY2 (1= 0)(x))* + 0P,

where x! = (xll,xZI) and x% = (x%,x%). Letby: X x X x [0,1] — R4 as

0, ifx/ >4 orxj>4 orx]>4x)>4and
x12<4 0rx%<4 0rx12<4,x%<4
bo(x',x*,0) =1 1/6, if x} >4orx3 >4 or x} >4, x3 > 4and
x11<4orx21<40rx11<4,x21<4
1, otherwise

and by : X x X x [0, 1] — R4 as by (x!, x2,0) = 1.
Then, f is not CN, COCN, Bg-vex, or Bg-cave function, however, it is a BoCN function
with respect to the arc H,1 2 and b, g is a BjCN function for x with respect to the arc
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H,1 2 and by. They are nondifferentiable at x* = (1, 1), but they possess right differentials
with respect to the arc H,« , for all x € X, at & = 0, and they are given by

3(x1)? 4 2(x2)> — 5, if both components of Hy > 1
+(H-. _ ,
ST (Her (0D [O, otherwise,
' (x2)% — (x1)®> — 1 +sinu’, if both components of
g (Her 1 (0),u') = Hex>lu eUi=1,2,...
0, otherwise,
where x = (x1, x3).
The set of active constraints is given by I (x*) = {i|g(x*, u") =0, u' =7 /2 +2imr € U,
i=1,2,...}, we have
(x2)% — (x1)?, if both components of Hyx y > 1

+(Hox B =
8 (Hx ,x(o), u ) [07 otherwise,

fori € I(x*), where x = (x|, x7).
For these functions f(x) and g(x, u'), we consider the programming problem (P), and
are easy to get that Ay = 1, A7 = 1, A5 = 1,15 = 1,A; = 0,and A5 =0, ...

W (He o 0) + D AfgT (Hee x(0),u') 2 0, forall x € X,

il (x*)
which implies that x* = (1, 1) is an optimal solution of (P).
4 Duality

In this section, we consider the following Mond-Weir type dual problem (D) for problem (P):

maximize f(y)

subject to Ao f T (Hy (0)) + Z)\-jg+(Hy,x (0),u’) >0, “@.1)
ieA
D> gy, u) =0, (4.2)
ieA
A >0, A >0,A € A. 4.3)
Let W = {(y. u'. 2o, M[Aof T (Hy +(0) + X 2ig™ (Hyx(0), u') 20, 3" dig(y. u') = 0,

ieA ieA
Ao > 0,1 > 0,1 € A} be the set of feasible solutions of (D). The optimal values of (P) and
(D) are denoted by v(P) and v(D), respectively.
Now, we establish duality relationship between problems (P) and (D).

Theorem 4.1 (Weak Duality) Assume that x is feasible for (P) and (y, u', ko, 1) is feasible
for (D). If f(x) isa DBoCN at y and ;.5 Aig(x,u') is a DB1CN at y with respect to the
same arc and

bo(x,y) = lim bo(x,y,0) >0, bi(x,y) = lim bi(x,y,0),
9%04, 9*>O+
then

F) = fl.
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Proof Suppose that

F) > fx).
Since f(x) is a DBoCN at y, therefore using Theorem 2.1, we obtain
FH(Hy 1 (0)) < bo(x, MIf(x) = ()] <O. 4.4)

By the feasibility of x and (v, u?, A9, A) for (P) and (D), respectively, we get
D higlr,u'y <> higly, ).
ieA ieA

Now ZieA rig(x, ui) is a DB{CN at y, using Theorem?2.1, we have

D> rigt(Hy o (0),u') < bi(x, y) [Z riglx,u) = > rig(y, u")} <0.  (45)

ieA ieA ieA

Letting Ag > 0, and adding (4.4) x X9 and (4.5), we have

Mo (Hy o (0) + D" hig" (Hy 1 (0),u') <0
ieA

which is a contradiction to (4.1). Hence

F) = fx).

[m}

Theorem 4.2 (Strong Duality) Assume that x* is an optimal solution of (P), and let f+
(Hy x(0)) and g+ (Hy (0), u')(i € A) be BCN functions of x, g(x,u')(i € J(x*)) be
continuous at x* with AC set X C R". Then there exist Ay > 0,A* > 0, 1" € A such that
(x*, u', A3, A*) is a feasible solution for (D), and the values of the objective functions for
(P) and (D) are equal at x*. Also if for every feasible solution (y,u’, o, L) for (D), f is
a DByCN (or DSTBoCN) at y and ZieA rig(x, u') is a DB|CN (or DSTB|CN) at y for
arbitrary u' € U with

bo(x,y) = lim bo(x,y,0) >0, bi(x,y)= lim bi(x,y,0),
-0, 00,

then (x*, u?, Ay, M%) is an optimal solution for (D), and v(P) = v(D).

Proof Since x* is an optimal solution of (P), £ (Hy+ (0)) and g* (H,+ (0), u’)(i € A)are
BCN function of x, g(x, u')(i € J(x*)) is continuous at x* with AC set X € R", therefore
by Theorem3.1, there exist A§ > 0, A* > 0,A* € A, for u' € U such that (x*, u’, A, A*)
is a feasible solution of (D). Equality of the objective functions for (P) and (D) follows
trivially.

If (x*, u®, A%, A*) is not an optimal solution for (D), then exists (v, u’, Ao, A) feasible
solution for (D) such that

FG& < ()

which is a contradiction to Theorem 4.1 (Weak Duality). Hence (x*, u’, A, A*) is an optimal
solution for (D) and, obviously, v(P) = v(D). ]
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Theorem 4.3 (Weak Duality) Assume that x is feasible fqr (P) and (y, u', ko, X) is feasible
for (D). If f(x) is a DSTBoCN at y and D", A *ig(x, u') is a DB{CN (or DSTB1CN) at y
with respect to the same arc and

bo(x,y) = lim bo(x,y,0) >0, bi(x,y)= lim bi(x,y,0),
0—04 0—04

then

F = f).
The proof of Theorem4.3 follows on the lines of Theorem4.1.

Theorem 4.4 (Strong Duality) Assume that x* is an optimal solution of (P), and let f(x)
and g(x,u')(i € A) be DBCN functions of x with respect to the same arc and b(x, y) =
limg_0, b(x, y,0) > 0. If there exists x € XO such that g, u') <0, then (x*, u', Ags A%)
is an optimal solution for (D), and v(P) = v(D).

Proof Since g(x, u')(i € A) is a DBCN function of x with respect to the same arc and
b(x, y), hence we know >;_» A;g(x, u’) is a DBCN function at y for arbitrary u’ € U and
A € A with respect to b(x, y), from assumption of the theorem and by Theorem 3.3, we know
that there exist AS > 0,1* > 0,A* € A, for u’ € U such that (x*, u', Ag» A¥) is a feasible
solution of (D). Equality of the objective functions for (P) and (D) follows trivially.

If (x*, u®, A%, A*) is not an optimal solution for (D), then exists (y, u’, Ao, A) feasible
solution for (D) such that

FO&H < £

which is a contradiction to Theorem4.1 (Weak Duality). Hence (x*, u', A{» A*) is an optimal
solution for (D) and, obviously, v(P) = v(D). m]

Theorem 4.5 (Strong Duality) Assume that x* is an optimal solution of (P), and let f(x)
and g(x,u’)(i € A) be DSTBCN functions of x with respect to the same arc and b(x, y) =
limg_.o, b(x, y,0) > 0. If there exists X € X9 such that g(%, u') < 0, then (x*, u’, A%, A*)
is an optimal solution for (D), and v(P) = v(D).

The proof of Theorem4.5 follows on the lines of Theorem4.4.

Example 4.1 we consider the dual problem (D) of the primal programming in Example 3.1
and know x* = (1, 1) is an optimal solution of primal programming. For Aj = 1,1* =
(AT, A5, A%, A%, )\’5", .. = (1,1,1,0,0,...), uf = /2 +2imr € U,i € A, the condi-
tions of Theorem4.2 are satisfied. Hence, (x*, u’, A}, A*) is an optimal solution of this dual
programming and v(P) = v(D).

5 Conclusions and outlook
The concepts of B-arcwise connected (BCN) and strictly B-arcwise connected functions

(STBCN) based on arcwise connected functions (CN) and B-vex functions are introduced
into the paper. Some differential and extreme properties are studied. The optimality conditions
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and Mond-Weir type duality results are obtained for a nonlinear constrained semi-infinite
programming problem involving BCN and STBCN functions. The BCN function will play a
vital role in many aspects of mathematical programming including optimality conditions and
duality theorems, which will be used in constrained multiobjective programming, generalized
convex programming, and fractional programming. There are many practical problems which
may be treated by SIP techniques, including engineering design [17], orthogonal wavelet fil-
ter design [18], reliability testing [18], robot trajectory planning [9], air pollution control
[9], constrained Chebyshev approximation and new product development planning etc. The
arcwise connected SIP in this paper will also be applied in many practical problems.
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